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Two-sample motivation
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Do these samples come from the same distribution?
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Two-sample problem

e samples X, = (X1,..., Xn), X; i pin RY
e samples Y, = (Y1,..., Yy, Y; g g in RY
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Two-sample problem

e samples X, = (X1,..., Xn), X; i pin RY
e samples Y, = (Y1,..., Yy, Y; g g in RY

Ho: p=q against Ha:p#q
AXy, Y, =1 <~ reject Ho
AXp, Y,)=0 = fail to reject Hyo

Type | error: controlled by « by design
PPXP(A(XmaYn) =1) < a

Type Il error: find a condition on ||p — q||, to control by 3
Poxg(AXpm,Y,)=0) < g
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Kernels

d
Kernel: k\(x,y) = H K,-<Xi ; yi) Bandwidth: )\ € (0, oo)d
i=1 :
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Kernels

d
Kernel: k\(x,y) = HK,<
i=1

) Bandwidth: ) € (0, 00)

Gaussian kernel: K;(u) —exp( u2),u =1,...,d
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Kernels

d
Kernel: k\(x,y) = HK,<
i=1

) Bandwidth: ) € (0, 00)

Gaussian kernel: K;(u) = exp u2),u =1,...,d
d
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)

MMD,(p,q) = sup  |Exp[f(X)] = Ey. gl (V)]
FEM [, <1
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: )\ € (0, 00)?

MMD, (p, q) := sup |Ex~p[f(X)] - Equ[f(Y)]}
FEM |l <1
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)

MMD,(p,q) = sup  |Exp[f(X)] = Ey. gl (V)]
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: )\ € (0, 00)?

MMD,(p,q) = sup  |Exp[f(X)] = Ey. gl (V)]
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)

MMD,(p,q) = sup  |Exp[f(X)] = Ey. gl (V)]
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Two-sample test using the Maximum Mean Discrepancy

Kernel: k,(x,y) HK <X' y’) Bandwidth: ) € (0, 00)

MMD,(p,q) = sup  |Exp[f(X)] = Ey. gl (V)]
fE’HA:HfHH/\Sl
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Bandwidth intuition

@ Small sample sizes: only global differences are detectable

e Small bandwidth: wrongly detects artificial local differences under Hg

e Large bandwidth: well-suited to detect global differences under H,
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=> Bandwidths should decrease as the sample sizes increase
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Bandwidth intuition

@ Small sample sizes: only global differences are detectable
e Small bandwidth: wrongly detects artificial local differences under Hg
e Large bandwidth: well-suited to detect global differences under H,

o Large sample sizes: local differences are detectable
o Small bandwidth: well-suited to detect local differences under H,

e Large bandwidth: fails to detect local differences under H,

=> Bandwidths should decrease as the sample sizes increase

@ Choice of bandwidth is crucial for test power!

e Bandwidth selection methods: median heuristic & data splitting
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Bandwidth intuition

@ Small sample sizes: only global differences are detectable
e Small bandwidth: wrongly detects artificial local differences under Hg
e Large bandwidth: well-suited to detect global differences under H,

o Large sample sizes: local differences are detectable
o Small bandwidth: well-suited to detect local differences under H,

e Large bandwidth: fails to detect local differences under H,
=> Bandwidths should decrease as the sample sizes increase
@ Choice of bandwidth is crucial for test power!

e Bandwidth selection methods: median heuristic & data splitting

@ Our method: aggregate multiple tests with different bandwidths
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Maximum Mean Discrepancy estimator

MMD?(p, ) = Epplk: (X, X )] = 2B [k (X, V)] + Eqqlki(Y, V)]
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Maximum Mean Discrepancy estimator

MMD?(p, ) = Epplk: (X, X )] = 2B [k (X, V)] + Eqqlki(Y, V)]
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Maximum Mean Discrepancy estimator

MMD?(p, ) = Epplk: (X, X )] = 2B [k (X, V)] + Eqqlki(Y, V)]

—2
MMD, (X, Vo) = s D k(X6 Xi)

1<i#i’<m
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MMD test for a fixed bandwidth

——2
A (X, ¥a) = 1(NIVD, (X, Y1) > G5 )
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MMD test for a fixed bandwidth

——2
A (X, ¥a) = 1(NIVD, (X, Y1) > G5 )

Quantile: g, is the [(B+1)(1—a)]-th largest value of
/\2
MMD, (X, Y,) and B Ho-simulated test statistics
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MMD test for a fixed bandwidth
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MMD test for a fixed bandwidth

——2
A (X, ¥a) = 1(NIVD, (X, Y1) > G5 )

Quantile: g, is the [(B+1)(1—a)]-th largest value of
/\2
MMD, (X, Y,) and B Ho-simulated test statistics

2
Permutations: MMD, (X7 V7) where (X7,Y7) = o(X, UY,)

Wild bootstrap: case m = n, c1, ..., c, < Unif{—1,1} (Rademacher)

1
A1) Z €j€j (k/\(Xi,)g‘)—k,\(X,', Y=k (Y, Xp)+ko (Y5, yj))

1<i#j<n
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MMD test for a fixed bandwidth
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A (X, ¥a) = 1(NIVD, (X, Y1) > G5 )
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Non-asymptotic level: P, ,(A(X,Y,) =1) < «
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MMD test for a fixed bandwidth

——2
A (X, ¥a) = 1(NIVD, (X, Y1) > G5 )

Quantile: g, is the [(B+1)(1—a)]-th largest value of
/\2
MMD, (X, Y,) and B Ho-simulated test statistics

2
Permutations: MMD, (X7 V7) where (X7,Y7) = o(X, UY,)

Wild bootstrap: case m = n, c1, ..., c, < Unif{—1,1} (Rademacher)

1
A1) Z €j€j (k/\(Xi,)g‘)—k,\(X,', Y=k (Y, Xp)+ko (Y5, yj))

1<i#j<n
Non-asymptotic level: P, ,(A(X,Y,) =1) < «

Time complexity: C’)(B (m+ n)2>
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MMDAgg for a collection of bandwidths
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MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level o

2
AN, V) = 1(MMD/\(X,,,, Y1) > Gy for some ) € /\)
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MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level o

2
AN, V) = 1(MMD/\(X,,,, Y1) > Gy for some ) € /\)

e time complexity O(|/\| Bi (m+ n)2)
MMDAgg: non-asymptotic level «
2
ANXm, V) = 1 (MMD/\(X,,,,YH) > G;.,. for some ) € /\)

e correction u, defined as

B, 5
sup{u >0:) 1 <rr\la;< (MMD,\(X%,Y?) - afu) > 0) < a}
/e

Antonin Schrab Aggregated Kernel Tests NTU 29/06/26



MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level o

2
AN, V) = 1(MMD/\(X,,,, Y1) > Gy for some ) € /\)

e time complexity O(|/\| Bi (m+ n)2)
MMDAgg: non-asymptotic level «
2
ANXm, V) = 1 (MMD/\(X,,,,YH) > G;.,. for some ) € /\)

e correction u, defined as

B, 5
sup{u >0:) 1 (ff\la/ff (MMD,\(X%,Y?) - afu) > 0> < a}
/e

e more powerful than Bonferroni correction as u, > a/|/\|

Antonin Schrab Aggregated Kernel Tests NTU 29/06/26
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ANXm, V) = 1 (MMD/\(X,,,,YH) > G;.,. for some ) € /\)

e correction u, defined as

B, 5
sup{u >0:) 1 (ff\la/ff (MMD,\(X%,Y?) - afu) > 0> < a}
/e

e more powerful than Bonferroni correction as u, > a/|/\|
e adapts from a//|/\| to a depending on correction required
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MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level o

2
AN, V) = 1(MMD/\(X,,,, Y1) > Gy for some ) € /\)

e time complexity O(|/\| Bi (m+ n)2)
MMDAgg: non-asymptotic level «
2
ANXm, V) = 1 (MMD/\(X,,,,YH) > G;.,. for some ) € /\)

e correction u, defined as

B, 5
sup{u >0:) 1 (ff\la/ff (MMD,\(X%,Y?) - afu) > 0> < a}
/e

e more powerful than Bonferroni correction as u, > a/|/\|
e adapts from a//|/\| to a depending on correction required

e time complexity O(|/\\ (B1+ By) (m+ n)2)
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Multiple testing correction comparison

—— Bonferroni
0.8 1 —— MMDAgg
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Sobolev balls

Regularity /smoothness assumption: p — g € S3(R)
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Sobolev balls

Regularity /smoothness assumption: p — g € S3(R)

Sobolev balls:

Si(R) = {f e L(R) n L(R) - /R N7 de < (27r)dR2}

o radius R > 0 e smoothness parameter s > 0 (unknown)
e dimension d e Fourier transform l?(f) = f]Rd f(X)e_"Xngx
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Sobolev balls

Regularity /smoothness assumption: p — g € S3(R)
Sobolev balls:

Si(R) = {feL(Rd)ﬂLQRd / le 13° (>|2d§§(2w)dR2}

o radius R > 0 e smoothness parameter s > 0 (unknown)

e dimension d e Fourier transform f f]Rd (x)e=™ TEdx
2
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Minimax adaptivity over Sobolev balls

Assuming p — q € S;(R), the condition

lp — q||2 > C (ﬁ) —25/(4s+d)\/|0g (é) o8 (%)

guarantees control over the probability of type Il error of MMDAgg

prq(Aa (Xmayn) — 0) < ﬁ

- {2—’3]10,: le {1, o E Iogz(%ﬂ}}

—25/(4s+d)

Minimax rate over Sobolev balls: (m + n)

Adaptive over {S;(R):s>0,R > 0}
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MMDAgg Experiment

(E—ae—&- {2 Amed te {K_’,”’f+}} W)y = 1/ |/\|
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MMDAgg Experiment

(E—ae—&- {26 med - L e {K_’,”’f+}} W)y = 1/ |/\|

P:={0,....9} O, =P\{8,6} Q,:=P)\ {8,642}
0 =P\{8} 03=P\{8,6,4} Qs:=P)\ {86420}

Antonin Schrab Aggregated Kernel Tests NTU 29/06/26



MMDAgg Experiment

Ml by) = {250 g L€ {0, .. (4}
P:={0,...,9} Q,:=P\{8,6} Qs=P\ {86,472}

Q1

=P\{8} =P\ {86,4} Os
Two-sample experiment

MNIST dataset m = n = 500, A(12,16)
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--=- MMD split extra
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—— MMD median
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To Appear On Arxiv Soon

Aggregation of Statistical Evidence
under Exchangeability

Antonin Schrab, Rajen Shah, Arthur Gretton, lImun Kim

Antonin Schrab Aggregated Kernel Tests NTU 29/06/26



Transformed
Data

Testing Batch
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P—value Matrix
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Statistic Matrix P—value Matrix Merging p—values

Transformed 1 &
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s .
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Related Works

KSD Aggregated Goodness-of-fit Test

Efficient Aggregated Kernel Tests using Incomplete U-statistics
MMD-FUSE: Learning & Combining Kernels for Two-Sample Testing
Differentially Private Permutation Tests

Robust Kernel Hypothesis Testing under Data Corruption

Credal Two-Sample Tests of Epistemic Ignorance

Regularized f-Divergence Kernel Tests

A Practical Introduction to Kernel Discrepancies: MMD, HSIC, KSD

A Unified View of Optimal Kernel Hypothesis Testing
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Thank you for your attention!
Any Questions?
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