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Kernel Stein Discrepancy

Goodness-of-fit problem:
• model with probability density p or score function ∇ log p(·) on Rd

• samples ZN := (Z1, . . . ,ZN), Zi
iid∼ q in Rd

H0 : p = q against Ha : p 6= q

Stein kernel: hp,k(x , y ) defined in terms of ∇ log p(·) and kernel k

Stein identity: Ep[hp,k(Z , ·)] = 0

KSD: KSD2
p,k(q) := Eq,q[hp,k(Z ,Z ′)]

U-statistic: K̂SD
2

p,k(ZN) :=
1

N(N − 1)

∑
1≤i 6=j≤N

hp,k(Zi ,Zj)

Incomplete U-statistic: KSD
2
p,k(ZN) :=

1

|D|
∑

(i ,j)∈D

hp,k(Zi ,Zj)
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KSD Goodness-of-fit Tests

KSD test: reject H0 : p = q if K̂SD
2

p,k(ZN) > q̂ k
1−α

• quantile q̂ k
1−α estimated using wild/parametric bootstrap

• complexity O
(
B N2

)
KSDAgg: reject H0 if K̂SD

2

p,k(ZN) > q̂ k
1−uαwk

for some k ∈ K

• positive weights (wk)k∈K summing to 1

• correction uα maximizes power while retaining well-calibrate level α

• complexity O
(
|K|B N2

)
KSDAggInc: reject H0 if KSD

2
p,k(ZN) > q̂ k

1−uαwk
for some k ∈ K

• complexity O
(
|K|B |D|

)
• linear-time test for the choice |D| = cN for some small c ∈ N
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Come check out my poster for details and discussions!

• Power guarantees: upper bound on uniform separation rates

• Trade-off: computational efficiency versus rate of convergence
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