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Part I: Kernel Discrepancies & Estimators

« Maximum Mean Discrepancy (MMD)

« Hilbert-Schmidt Independence Criterion (HSIC)
« Kernel Stein Discrepancy (KSD)

. Efficient estimators as incomplete U-statistics

- Adaptive estimators via kernel pooling

Part 1l: Optimal Kernel Hypothesis Testing

» Hypothesis testing

- Adaptive testing via kernel aggregation

» Testing constraints: efficiency, privacy & robustness
» Two-sample MMD testing

» Independence HSIC testing

» Goodness-of-fit KSD testing

« Open problems
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Kernel Methods

Kernel: function k: & X X — R s.t. k(x, y) measures the similarity between x and y

Inner product of features: feature map @

k(x,y) = (), p(y))

Positive definite: for all x;,...,x, € 2 and all ¢, ..., ¢, € |

i i ¢; C;k(x;,x;) = 0

i=1 j=1

Reproducing Kernel Hilbert Space: #, space of real-valued functions on &

k(X, ) ) = %k <f9 k(X, ) )>%k — f(X)



Integral probability metric:

MMD, (P, Q) =

SUp “vplf(X)] —
feZi: Il <1

Difference in mean embeddings: (f, ip)g = Ep[f(X)]

MMD, = sup

e fll 7 <1

Expected kernel expression:

MMD? = [lup — uplly, =

_p,p[k(Xa X,)] — 2

= p olk(X, V)] +

MMD: Maximum Mean Discrepancy

_YNQ[f(Y)]

fovp = bodar, = llp — poll g,

-Q’Q[k(Y, Y]



MMD Estimator

Biased V-statistic estimator:

1 gL 1
Vaany = — Y kX, X,) — Y Y kX, Y) - ~ D k(YY)
1<i,i'’<m i=1 j=1 1<j.j'<n
Unbiased U-statistic estimator:
UMMD2 — : Z k(Xi, Xi') - i i k(Xi, Y) | : Z k(Y, Y/)
Coomim—1) | 1117 A 4 J nnm—1) 4%~ J7
1<i#i'<m =1 j=1 1<j#j'<n

Core function: h(x,x:y,y) = k(x,x") — k(x',y) — k(x,y") + k(y, y")

1 1
VMMD2 = 23 Z Z h(X;, X3 Y3 Yi) - Uppnpe = m — D= 1) Z Z WX, X;i3 Y, Y))

1<i,i'<m 1<j,j'<n 1<i#i'<m 1<j#j'<n

] - ]
YMmpz = —5 Z WX, X3 Yo Yi) Ummp; = Z (X, X3 Yo Yi)
" <ii<n nn =1, 2.,



MMD Kernel Impact

Radial kernel with bandwidth A:

o) — f ( I - y|\r)

MMD behaviour:

MMD/ZI—>OWhen A—=>0 or 4 =

| |
VMMD/%_)Z_F; when /1—)()

UMMD/%_)O and ﬁMMD/%_)O when /1—)0 Oor /1—) 0

—> Kernel bandwidth choice is crucial for having a meaningful metric



Hilbert-Schmidt
Independence Criterion




HSIC: Hilbert-Schmidt Independence Criteri

Cross-covariance operator C,, :
(f; CPXYg >%k —

HSIC:

<f ® g, Cpxy>

CP XY

HSIC} ,(Pyy) = [ICp, II;s

_PXY’PXY

_PXYﬂpXY

KX, X)X, Y

— 2

HS

_PXY[<f(X) —

Ep [K(X, X)]

PXY_

Ep LAXN]) (8(Y) —

MAOIE:

~Py,Py

_PXY[(k(X’ . ) _’MPX) ® (K(Y’ . ) _’uPY>]

(X, X)

Ep [8(Y)]))

:<(k(X’ ) _”PX) 3 (K(Y’ ) _/"Py)’ (k(X” ) _ﬂPX) ® (f(Y’» ) _//th)>HS:

~Py,Py

CPyy [(f ® g (kX,-)—pp) ® (£(Y.) = pp,) >HJ

(Y. Y))




HSIC Estimator:

Notation: Z =X, 7, =Y, K;=kX,X), L;=¢(Y,Y)

Biased V-statistic estimator:

] 2 /1 & ] & ] ]
Vs, =3z 2 =3 2 (5 25) (32 0) + (5 Z %) (5 Z =)
1<i,j<N i=1 j=1 r=1 1<i,j<N 1<r,s<N
Unbiased U-statistic estimator:

1 2 1
UHSIC,%,fz i) Z KLy i Z KL, A i) Z KLy

21 (i, jely (i,j,r)Eil 41 (i jrs)eil

Core function: n(Z7,7,7,,72) = K, (L, — L, — L,;+ L,)

1 1
VHSIC,%’K — ﬁ 2 h(Zi9 Zja Zra Zs) UHSIC]%f — | iN Z h(Zia Zja Zr9 Zs)

1<i,j,r,s<N 4 ‘ (i,],1,5)EL)

- 1 ~ 1
VHSIC,%f — ﬁ Z h(Zia Zja Zi+N/29 Zj+N/2) UHSIC,%,K — N(N — 1 Z h(Zia Zja Zi+N/29 Zj+N/2)
1<i,j<N ( ) 1<i#<N



HSIC Kernel Impact

Radial kernels with bandwidths A, /:

k(x, ) =f<HX;)’Hr> fﬂ(x’y)zgwx;y”s)

HSIC behaviour:

HSIC/%M—>O when 4 >0 or u >0 or A—> 00 or y -

1 |
VHSIC%M_)N_ﬁ when 4 —- 0 and u — 0

VHSIC%,M — 0 when A — 00 or g — o©

UHSIC%,M—>O when 4 =0 or u =0 or A > 00 or u = o©

—> Kernel bandwidth choice is crucial for having a meaningful metric



HSIC asan MM

Product kernel:

(kX ) (X, V), (X,Y)) = kX, X)¢(Y,Y)
HSIC as an MMD:

MMDz, (Pyy, Py ® Py)

[k(X, X)A(Y,Y)] -2

PXPY[k(Xa X,)K(Ya Y,)] + _PXPy,PXPY[k(Xa X,)K(Ya Y,)]

PXY?

[k(X, XHe(Y, Y’)] 2 —ny[ = k(X X)]E p [£(Y, Y’)]] +Ep p [k(X, X’)] b :K(Y, Y’):

_PXY9PXY

_PXY9PXY

— HSIC,%, APyy)

Why use HSIC? MMD estimator requires data splitting (independent samples)
HSIC estimator uses all paired samples to estimate all three terms (more accurate)



MMD as an HSI

Setting: Given distributions P and (J, construct joint Pyy such that:

= WpP + w0 Y=1if X~Pand Y==1if X~Q

HSIC as an MMD:
HSIC; | (Pyy) = 2wpw; MMDZ(P, Q)

HSIC; , (Pxy) — 2wpwy MMD;(P, Q) when y — 0

Estimators: wp = m/(m +n), wy = n/(m + n)

2 2

2mn
(m+ n)*

2m V, h 0
— when p —
(m + n)? MMD? H

Vhsic2 . = VMMD? Visic2, —
k1 k k2,



Kernel Stein Discrepancy



Stein Discrepancy

Stein operator: A;: Func(R?Y - R%) - Func(R? - R)

P=0 << EyH|(AH)X)| =0 forall feF

Stein discrepancy:
SDAP(P , ) =sup _Q[(APf)(X)] — 'P[(Apf)(X)] = Sup _Q[(APf)(X)]

fesF fesF

Langevin Stein operator:
d

(ApH)(x) = f(x)" Vlogp(x) + V' f(x) where V'f(x) = Z aifi(x)
i=1 i

Diffusion Stein operator:

(Aph)(x) = f(x)" Vlog p(x) + V' f(x) = f(x)T< Vp(x)

p(x)

T = —— ()T T Lo(ym
) + VT = —— <f(x) Vp() + (VW) p(x)> S (v (f(x)p(x)))

Stein's identity satisfied: )
- [(ADO) =[ (A ()P() dx =J VT (f00p() da ZJ = (fcopCo)
i=1 YR

Rd

Rd



KSD: Kernel Stein Discrepanc

Kernelise the Stein operator:
(Apf)(x) = £(x)" Vlog p(x) + V £(x) = (£, £p(x)) cp(x) = Vlog p(x)k(x, - ) + Vk(x, - )

Kernel Stein Discrepancy:

KSDH(Q) = sup Ey[(AH)(X0)] = sup (£.Eq [£(X)] )70 = | Eg [£500)]

feZ, feZ, 774

2= (Eg[&p00], Egl&p(] ) sy = B | (Er(X), Ep(1) | = Eg olp(X, Y)]

KSDZ(Q) = ||E[¢5(X)]

Stein kernel / core function:
hp(x, y) = (Ep(x), Ep(V)) g
0

d
= (Vlog p(x)" Vog p(y)) k(x, y) + Vlog p(x)" V,k(x, y) + Viog p(»)" Vik(x,y) + ) oK)
=1

— AP,2AP,1 (k(x, Y)Idxd)

Stein's identity: - olhp(X, )] = Eplép(X)] =0




KSD Estimators

Kernel Stein Discrepancy:

KSDIZD(Q) — _Q,Q[hP(Xa Y)]

Stein kernel / core function:

d
0
hp(x,y) = (Vlog p(x)" Vlog p(y)) k(x,y) + Vlog p(x)T V,k(x, y) + Vlog p(y)" V,k(x, y) + ) oy K
=1

Biased V-statistic estimator:

1
Vkspz = 2 Z hp(X;, X))

1<i,j<n

Unbiased U-statistic estimator:

1
UKSD,% — n(n — 1) Z hP(Xia )(])

1<i#j<n



Notation:

KSD Kernel Impac!

sp(x) = Viogp(x), 8(x) = sp(x) — 55(0),  (ApH)(x) = £ Tsp(x) + VTER),  ky(x,y) = f(llx = yll,/2)
Useful property:

—0 [(APf)(X )] —

Alternative KSD expression:

0.0 KX YS(Y)T8(X)| = Ep

KSD behaviour:

KSD? =

KSD? =

Link to Fisher divergence:

KSD3(Q) =

o[ (ARHX) — (AH(X)| =
(k(X, Y)s5(X)

0.0 XX T8(Y)| —

0.0 NSO TS| = B |60 T8(Y)] = || E[6(X0)]

vV k(X, Y))Té(Y)_

=00 [k(X, Y )5(X)T5(Y)] < \/

0.0 (KX Y)’]

=o[ECO T (sp(X) — 50(X)) | = Ep[f0) T8(X)]

0.0 [hpX, Y)| = KSDZ(Q)

=, [6(X)T6(X)| = Fisher(P, Q) when 1 — 0

2

when 4 — o
)

00| (500T8M)?| <4/

0.0/ k(X, Y)?| Fisher(P, Q)



KSD asan MMD

Stein's identity:

“plhp(X, - )] =0
KSD as an MMD:

MMD;, (P, Q)

= Ey olhp(X, X)) = 2E , plhp(X, )] + Ep p[hp(Y, Y')]
= Ey olp(X, X))

= KSD3(0)

Why use KSD?

MMD requires samples from the model P while KSD does not



MMD as a KSD

Simple Stein operator:

(Apf)(x) = fi(x) — Eplf;(X)]

Stein's identity:

=ol(AD)(X)] =0

KSD as an MMD:
KSDAP(Q) — SUp Ep [(Apf)(X)] — SUp Ep [fl] —Lp [f1] = MMD, (P, Q)
fe iz’ HEH,

One-sample MMD:
N

— 2 k(X;, X) ——Z p KX V)| + Ep p k(Y. Y]

1<1]<N =1




Efficient Kernel Estimators




Efficient Kernel Estimatol

Expectation:

—[A(X, X)]

Statistic with design &:

- 2 s

(l JED
Examples
VMmp? = — Z X, XY, Y h(x,x;y,y") = k(x,x") — k(x',y) — k(x,y") + k(y, ')
1<1]<n
VHSIC,% : = Z W2, Zjs Ziy Nips Zini)s W, 2y, 2,, Zy) = (L — Ly =L+ L, )
1<l]<N
Visop = — Z hp(X X, p(x.y) = (800 T8p(3)) k(x,y) +8p(0) TV, k(x, ) + 8p(0) TV, k(x, ) + Z k(x, )

ox;y;

1<l]<n =1
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B-statistic (block)




X-statistic (cross)
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L-statistic (linear)

Xp X X X X X X Xy Xy Xy




R-statistic (random)

Xp X X X X X X Xy Xy Xy X X X X X X X Xy X9 X
| M . .
- - |
N . .




Efficient Kernel Estimators
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Adaptive Kernel Estimators




Kernel Pooling for Adaptivity

Collection of statistics / kernels:

Z h (X, ke K

Normalisation (heeded to compare statistics):

s 2 2
X where op = > (|D g Z hi(Xi, X ) —~ (| o > hk(XzaX))

O], |D ‘ 1€D;, jED (4,7) €Dy

Kernel pooling:
Sk
pool —
keK Ok



Kernel Pooling for Adaptivit

Mean kernel pooling:

S _ 1 Sk
mean — = X % Z Sk =
keK ©
= k ‘ ‘ keK ‘ ‘ keK
Max kernel pooling:
Sk
max —
kekK Oy

Fuse kernel pooling:

S 1 1 S
fuse — = — log Z exp p—=
kEK Oy, 1% ‘ Kl e K Oy,

S, log(|K]|) S S
max—k — g—\ < fuse & < max—k
kekK Oy, L kekK Oj, kekK Oy,



Kernel Collection

Radial kernel with bandwidth A:

ky(x,y) =f(@)

Inter-sample distances:

D = {llx = x'|l,: x,x" € {X},....X,} }\{0}

Bandwidth collection:

Ak,M) = {q2, +i(g, —g2)IM :i=0,....M}

Kernel collection:

K = {kﬂ . k € {Gaussian, Laplace}, 1 € A(k, 10)}
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Hypothesis Testing



Hypothesis Testing

Partitioned space of distributions: &# = %, U &,

Hypothesis testing: Given i.i.d. samples from P € & we test whether
%OPE@O VS %1:})6@1

Testing with a discrepancy:
#y: Disc(P) =0 VS Z ;. Disc(P) > 0

Statistic: estimator using samples from P
Disc

A

Test output: reject Z,if Disc is larger than some threshold



Hypothesis Testing: Level
Test output: reject #Z if Disc is larger than some threshold

Level: type | error

sup | Po(reject #y) <«
PyES,

Threshold: (1 —a)-quantile of the simulated distribution of Disc under the null

Permutations: when #, holds if and only if exchangeability holds

Disc(Xy1), -+ Xy

JU

Exchangeability:joint(Xl, ...,Xn) = joint(X (1) ...,Xﬂ(n)) for all permutation 7

JT

Wild bootstrap: ¢, ..., €, are i.i.d. Rademacher variables (£ 1 with probability 0.5)

1
1 Z & & (X, X))
(I,))EY




Hypothesis Testing: Power

Type Il error:

L Pl(fail to reject %O), P, € &

Power:

[ Pl(reject %O), P, € &

Impossible to control both types of errors uniformly over &, and %;:

sup Lpo(reject 7/()) < a sup Lpl(failto reject 7/0) < p
P,eZ, P e

Pointwise power / consistency: for fixed P; € &,

lim Lpl(reject ?/O) = 1

N—>00



Hypothesis Testing: Powe

Uniform power over &' C &;:

sup Lpl(reject %O) > 1-p (%)
P,eS|

Example of subset &'

S, = {P, € P : Disc(P)) = f(N,a,p)}
Upper bound: given a test, find smallest separation rate f (V, a, ) .s.t. (k) holds

Lower bound: find largest separation rate f (V, a, /) such that no level-a test satisfy (%)

Minimax optimality: test for which upper bound matches the lower bound

Sobolev regularity: smoothness restriction on P,

J 112 @) Pde < @y
rd



Aggregation
Kernel Adaptivity




Aggregation (Kernel Adaptivit

Multiple testing:
reject # if one of the tests 7} , ..., Tk|1<| rejects

Bonferroni level correction: / | K|

K] K|

l (reject %O) = [ U {Tk,. rejects 7/0} < Zl (Tk,. rejects 7/0) =
i=1 i=1

Aggregation: estimate level correction between a/ | K| and a such that

[ (reject %O) = «

with bisection method using null-simulated samples via permutations or wild bootstrap



Kernel Collection

Radial kernel with bandwidth A:

ky(x,y) =f(@)

Inter-sample distances:

D = {llx = x'|l,: x,x" € {X},....X,} }\{0}

Bandwidth collection:

Ak,M) = {q2, +i(g, —g2)IM :i=0,....M}

Kernel collection:

K = {kﬂ . k € {Gaussian, Laplace}, 1 € A(k, 10)}



Testing Constraints:
Efficiency

Privacy

Robustness




Computational Efficiency

High computational cost: prohibitive for very large datasets
Goal: construct tests with lower computational complexity (e.g. sub-quadratic)

Trade-off: computational efficiency vs test power via uniform separation rates

Our approach: use incomplete statistics as efficient estimators

Others: Nystrom approximation, random Fourier features, kernel thinning

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

X X X, X X X X, X X, X X X, X X X X X, X, X. X X, X. X X X, X. X,
S —— EEEEEEEEN % [— x - —
S e SRR % S ——— . - Il = .
- AN 'l EEEEEEe - x : X .
- HHHEEEEEEE -HEE EEEEEE - 2 2 % «
- AN ¢ ® 2 2 " SN Bl
" e e . % % % % ~
e —————— —————— ——— % x x » Il -
-l -EEEEEEE EE - % % 2 3 B
A e = 2 . e " N
" e . e e . % o EEE - w [l -




Differential Priva

(e, 0)-differentially privacy of randomised test:

L (reject H o using XN) < el (reject #  using XN) + 0

L (fail to reject &y using XN) < el (fail to reject #, using ;{N) + 0
for any two datasets X, and XN differing only in one entry

Intuition: probability of a test output remains roughly the same when the
data of a single user is modified

Privatisation: inject Laplacian noise to original and permuted statistics

242 240N -1) 1
MMD, + ——~—¢, HSIC, + ————2¢, =g+ log[ ——
g N2 1 -5



Robusthes

Standard testing: Given i.i.d. samples X, ..., X from P € &, determine whether
Ky Pe Pyor Z,: Pe P,

Robust testing: Given samples X, ..., Xy where
e N—rsamplesarei.id.fromP € &

e rsamples have been corrupted (possibly in a non i.i.d. adversarial manner)

determine whether Z,: P € &y or Z|: P € &,

Intuition: null hypothesis is enlarged with only N — r samples being i.i.d. from P

Robustisation: add shift to permuted quantile (not to original statistic)

) 4N — 1)
MMD \/_ HSIC
q,., + 2 N r qg;>, + 2 V2 r




Two-sample Testing



Two-sample testing

Two-sample problem: Given independent

e i.i.d. samples X;, ..., X from a distribution P,

e i.i.d. samples Y, ..., Y, from a distribution Q,

test whether Z,: P=Q or Z,: P # Q. Let N = min(m, n).
General notation: &%, = {(P,Q) : P=Q} and &, = {(P,0Q) : P # Q}
Testing with MMD: #,: MMD(P,(Q) =0 and #;: MMD(P, Q) > 0

Permutations (exchangeability): Z, =X;, Z .. =Y,, (X ,Y)) = (Z (1) *-

m> "n U

*9 Zn(m+n)>

1
Wild bootstrap: =] Z eiejh(Xi,Xj), £, ..., & I.i.d. Rademacher variables
(i.)ED

Pointwise power / consistency: lim IPP,Q(rejeot ?fo) = | forfixed P # QO

N— o0



Power in MMD Metric: Fixed Ke

Standard testing:

max{log(l/a), log(l/ﬁ)}
N

mny/

MMD, > \

Efficient testing:

max{log(l/a), log(l/,ﬁ)}
N/B

mny/

MMD, > \

Robust testing:

MMD, > max{\/max{log(l/a), log(llﬁ)}’ L}
N N

Differentially private testing:

max{log(l/a), log(llﬁ)} max{log(l/a), log(llﬂ)}

MMD, =2 max{\ Y NE }




Power in MMD Metric: Kernel Poo!

Standard testing:

max- log(1l/a), log(1/5), log(|K|)
max MMD, 3 1| mxioett/a). log1/p). log(1K1)}
keK N

Efficient testing:

max{log(l/a), log(1/p), log(| K| )}

max MMD, 2
kekK N/B

Robust testing:

log(1/a), log(1/p), 1 K
max MMD, > m{ /max{log(l/a), log(1/p), log(|KD)}  r
keK N N



Power in L2 Sobolev Metric: Oracle Ke

Standard testing:
o (log(1/a) log(1/p) 2/as+d)
lp=qll 2 | ——————
N
Efficient testing:
o (log(l/a) log(1/p) S
lp=qll: 2 | ————
| D|/N
Differentially private testing:
1p —qll;. = N~2/Es+d) in low privacy regime & > N~ (4s=d/2)/(ds+d)
—s/(2s+d
lp—qll> 2 (N*¢) YEFD i mid privacy regime N™12 < & < N—@s—di/4s+d)
—25/(2s+d
P —qll: 2 (Nf) YERD high privacy regime & < N~1/2



Power in L2 Sobolev Metric: Kernel Aggregatic

Standard testing:

ol > <log(1/a) log(l/ﬁ))ZS/(4S+d)
p—qllp 2 | ————————

N/ log(log(NV))

Efficient testing:

25/(4s+d)
=l > ( log(1/a) log(1/p) )
=7\ (121/N) /10g(log(| 2 | IN))



Independence Testing




Independence testin:e

Independence problem: Given
o paired samples (X;, Y;), ..., (Xy, Yy) drawn i.i.d. from a joint distribution Pyy,

test whether the first and second components of the pairs are independent

General notation: &%) = { Pyy : Pyy = Py @ Py} and &P = {Pyy : Pyy # Py @ Py}
Testing with HSIC: Z,: HSIC(Pyy) =0 and #;: HSIC(Pyy) > 0

Permutations (exchangeability): (Xl, Yﬂ(l)), bees (XN, Y,,(N))

1
Wild bootstrap: =] Z & & M(X;, X;), ¢€,...,€,i.id. Rademacher variables
(i.))ED

Pointwise power / consistency: lim | P,Q(reject ?/O) = 1 forfixed Pyy # Py ® Py

N— o0



Power in HSIC Metric: Fixed Ker

Standard testing:

max{log(l/a), log(l/ﬁ)}
N

N/

HSIC, , 2 \

Efficient testing:

max{log(l/a), log(l/ﬁ)}
N/B

N/

HSIC, , 2 \

Robust testing:

log(1/a), log(1/
HSIC, , 2 max{\/ maxilog( ]C\? 8! 'B)}, %}

Differentially private testing:

max{log(l/a), log(llﬂ)} max{log(l/a), log(llﬁ)}

HSIC > max
ot {\ N N¢ }




Power in MMD Metric: Kernel Pc

Standard testing:

max{log(l/a), log(1/p), log(| K| \L\)}
max max HSIC, , 2 |\ ———————
keK (€L N

Efficient testing:

max{log(l/a), log(1/p), log(| K| \L‘)}
max max HSICk Y 2 N T
keK ¢CelL N/B

Robust testing:

max {log(1/a), log(1/p), log(|K||[L|)} r
max max HSIC, , 2 max _—— —
keK ¢€L N N



Power in L2 Sobolev Metric: Oracle Ker

Standard testing:

pry _px ®pyHL2 Z/ (

log(1/a) log(1/p) )2S/(4S+d)
N

Efficient testing:

lp.. —p. Qp.ll;2 = (108(1/05) log(l/ﬂ))zs/(4S+d)
xy Fx yllLz < S TONTT TS oA T

|| /N

Differentially private testing:

1p —qll;» = N~2/Es+D in low privacy regime & > N~ (25=d2)/(4s+d)
—s/(2s+d
lp—qll2 2 (NV2¢) YED i mid privacy regime N™12 < E < N~(es—di)/Es+d)
—2s/(2s+d
P —qll: 2 (Nf) YD in high privacy regime & < N~1/*



Power in L2 Sobolev Metric: Kernel Aggregati

Standard testing:

1P, — P. @ pull;2 = (108(1/0!) 10g(1/ﬁ)>25/(48+d)
xy Px yllrz < A A

N/ log(log(N))

Efficient testing:

25/(4s+d)
log(1/a) log(1/p)
)

_ T N A B ——
1Py, = P ® Pyl ( (I21/N) [log(log(|2|/N)



Goodness-of-fit Testing



Goodness-of-fit testinc

Goodness-of-fit problem: Given
e« model distribution P (e.g. via its score function),

e i.i.d. samples X, ..., X, from a distribution Q,

test whether Z,: P=Q or Z|: P# Q.
General notation: %y = {(P,Q) : P=0Q} and &, = {(P,Q) : P # O}

Testing with KSD: #Z,: KSDy(Q) =0 and Z;: KSDp(Q) > 0

Permutations do not work: goodness-of-fit does not test for exchangeability

1
Wild bootstrap: > 2 & & MX;, X;), ¢€,...,€,i.id. Rademacher variables
(I,))EY

Pointwise power / consistency: lim | Q(reject %O) = | forfixed P # QO

N—>00



Power in KSD Metric: Fixed Kern

Standard testing:

KSD). > /max{log(l/a), log(l/ﬁ)}
k ~ #

max{log(l/a), log(l/ﬁ)}
~ N/B

Efficient testing:

KSD, >

%



Power in KSD Metric: Kernel Pooli

Standard testing:

max+ log(1/a), log(1/f), log(|K|)
nax KSD, 2 X/M
keK N

Efficient testing:

max; log(1/a), log(1/p), log(| K|)
max KSD, 3 1| xilog(t/a). logl/p). log(1K 1)}
kekK N/B



Power in L2 Sobolev Metric: Oracle Kernel

Standard testing:

2s/(4ds+d
(Vioap— Vieeayall - > (M) e
L+ ~

N

Efficient testing:

2s/(4s+d
(Vioap — Vioeayall - > (M) o
L+ ~

|| /N



Power in L2 Sobolev Metric: Kernel Aggregati

Standard testing:

2s/(4ds+d
(Vioap— Vioeayall - > (M) e
L+ ~

N/ log(log(N))

Efficient testing:

25/(4s+d)
log(1/a) log(1/p)
)

|(Vlogp — Vlogg)qll;» 2 | ———————F—————
(121/N) /log(log(|<2 |/N)



Experiments




Experiment

Synthetic data:
e Perturbed uniform distributions

e Gaussian (mean shift, mixture, etc.)

e Gamma distribution
e Gaussian-Bernoulli Restricted Boltzmann Machine

Real-world data:
e MNIST d = 28 X 28 = 784 (digit distribution, image shift, normalising flow model)

e CIFAR-10 d = 32 x 32 = 1024 (image shift, CIFAR-10 vs CIFAR-10.1)

e Galaxy MNIST d =3 X 64 X 64 = 12288 (types of galaxies)
e CelebA d=3Xx178%x 218 =116412 (men/women)

e IMDb movie reviews d = 3330 (sentiment analysis)

Level: under the null type | error is at level @ = 0.05

Power: outperform other state-of-the-art kernel hypothesis tests



Open Problems



Open Probl

L2 separation upper bound for the HSIC test with s € (O, (dy + dY)/4)

L2 separation lower bounds under differential privacy constraint

L2 and kernel separation lower bounds under efficiency constraint

L2 separation upper and lower bounds under the robustness constraint
L2 separation lower bounds for goodness-of-fit testing

Kernel separation rates for normalised pooling

Kernel pooling and aggregation procedure for differential private tests

KSD private and robust test constructions and uniform power separation



Any Questions?



Proof Strategies



Concentration result:

Exponential concentration for statistic:

| (‘K/dE—Kdisc‘ > t) < exp(—CtzN)

_— 1 |
‘ Kdisc — Kdisc‘ < Nlog(;) with probability > 1 — /2

Exponential concentration for bootstrapped statistic (quantile):

L (K/dﬁboot > t) < exp(— CtzN)

1 1
Q0 S —IOg(—) with probability > 1 — (/2
N o



Proof Separation in Kernel Metri

Type Il error control:

| KdlSC < G1_q)

| |
<[ Kdlsc<q1a+C1 — log| — >+é
N [ 2

1 1 1 1
< | (KdlSC <G Nlog( ) +C1\ Nlog(;)) + /)
0

= p

when there is kernel separation:

max{log(1/a), log(1/p)}

Z\ N

Kdisc




L2 Testing

L2 testing: #Z: ||lwll;.=0 vs Z;: |lw]l;2> 0
Two-sample: v =p — g

Independence: v = p,, — p, ®p,
Goodness-of-fit: y = (Vlogp — Vlogg) g

Kernel Integral Transform: (S P f) (y) = [ ky(x,y)f(x)dx
Rd

Linking Kdisc and L2:

| |
Kdisc = (v, Sy = - (ydl7, + 1Sl 7 = llw = Sydl7,)

MMD example:

(W, Sy 2 = J J ky(x, ) (p(x) — g(0)) (p(y) — q(»))dxdy = MMD3(P, Q)
Rd JRd



Concentrations with bandwidth dependency

Exponential concentration for statistic:

— 1 1 1
Kdisc — Kdisc‘ < 5”5,11/1“1%2 + Nl()g(;)

with probability > 1 — /2

Exponential concentration for bootstrapped statistic (quantile):

11 11 1
N N Of . OZ E

41—a S
with probability > 1 — /2




Proof Separation in L2 Metri

Type Il error control:

| (m < QI—a)

| | | |
: 2
< (KdlSC < EHLS}}//HL2 + CN,Id/zlog (;)10% (E)) +p

= p

when there is kernel separation:

. . 1
equivalently for L2 separation: eg. use Kdisc = 5(||z,/||,%2 + [|1Swll2, — lly — Swll?,)

C | 1 | 1
v\ g e 5

lwll7. > lly = Swll7. +



Proof Separation in L2 Metric

Power is guaranteed when:

2 > S.ll? ¢ ] : | :
lwll7. = llw— Syl + N og | — )log E

Smoothness: Assuming i is s-Sobolev smooth: J 1ENI5S [ (&) “dé < 2n)?
Rd

ly — Syll7, S 4%
Optimal bandwidth: 2 = (log(1/a)log(1/f) / N)7s+®

Power is guaranteed when:

HWHU 2 (

log(1/a)log(1/8) )zs’ (B+d)
N



Proofs under testing constraints

Computational efficiency:

Keep track of design size ||

Differential privacy:

Keep track of privacy parameters € and o

Robustness:

Keep track of robustness parameter r



Kernel Pooling
Asymptotic Validity




Kernel Pooling Asymptotic Validity (K€

D

Known: Kdlscgi‘l)1 g KdlSC(k) for any fixed kernel k

n— Qoo

D
Cramér-Wold Theorem: a sequence of d-dimensional variables ZW S Z = (Zy, ..., 2y ifand only if

Z tZ(”) —> Z for every (fy,...,1;) € R4

Our setting:

" Kt N L 1 c

Zti KdlSCwild — Zti N(N — 1) Z ejej’ki()(j’Xj'> = N(N — 1) Z Gjej'(ztk(XI’)(})>
=1 =1 1<j#/'<N 1<j#/'<N =1

K
= KdlSC(z’ k) L Kise(Zaitk) = Z t, Kdisc *?
wild Nes oo l

=1

.. D .. (0
Cramér-Wold Theorem: joint <Kd1sc(k)1 d) — joint (KdlSC(k))
kekK h N—oo ek

Continuous Mapping Theorem: for any continuous pooling function (e.g. mean, max, fuse)

pool ( K/dgg?ld) =, pool ( K/dR(k))
kek N—oo ek



Any Questions?



