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Two-sample problem

e samples X, = (X1,..., Xn), X; i p in RY
e samples Y, = (Y1,..., Yy, Y; g g in RY
Ho: p=q against Ha:p#q
AXpy, Y, =1 = reject Ho
AX,,Y,)=0 =

fail to reject Ho
Type | error: controlled by « by design

IP>p><p(A(XmaYn) =1) < a

Type Il error: find a condition on ||p — q||, to control by 3
Powg(AX,, Y,)=0) < B
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Two-sample test using the Maximum Mean Discrepancy

i

1 i— Vi .
Kernel: k (x,y) :HA_ (X y) Bandwidth: ) € (0, 00)?

MMD,(p,q) = sup  |Exp[f(X)] = Ey.q[f(Y)]|
FEM [, <1
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Our method: aggregate multiple tests with different bandwidths

Antonin Schrab MMDAgg & KSDAgg ucL

2/

13



Maximum Mean Discrepancy estimator

MMD? (p. q) = Ep [k (X, X")]
—2E, o[k (X, V)]
+Eqqlh (Y, Y)]

—2
MMD), (X, V,) = m(m—l > k(X X))
1<i#i’<m
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MMD test for a fixed bandwidth

2
By (Km Y1) 1= 1 (MMD, (Xim, V) > G
Quantile: g is the [([B+1)(1—a)|-th largest value of
2
MMD, (X, Y,) and B permuted test statistics
2
MMD, (X7,Y7) where (X7,Y7)=0(X,UY,)

Non-asymptotic level o

Time complexity:
O (B (m+ n)2)
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MMDAgg for a collection of bandwidths

/\2 P
ANX,, Y, = H(MMDA(XWY”) > qf_uaw/\ for some \ € /\>

® positive weights (W), satisfying > ., w) <1
e correction u,, defined as

2
sup{u >0:P,p <max (Ml\JIDA(Xm,Y,,) - ai\uw,\) > 0) < a}

AEN

Non-asymptotic level «
Time complexity:

O(|/\| (B1 + Bo) (m + n)2)

Antonin Schrab MMDAgg & KSDAgg ucL 5/13



Minimax adaptivity over Sobolev balls

S3(R) = {f e L(R7) n L(R) - /R NEIZIF )P de < <2w)dR2}

Theorem

::{241(,: (e {1, o [% Iogz(%)”}’ S %

Assuming p — q € S;(R), the condition

m-+n

25 /(4s+d)
In(In(m + n)))

lp—aqlly > C(

guarantees control over the probability of type Il error of MMDAgg
Poxq(A) (Xm, Yp)=0) < B.

Minimax rate over Sobolev balls: (m -+ n)=25/(4s+d)
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MMDAgg Experiment

Ml ly) = {20 g L€ {0, .. (4}
P={0,...,9} O =P\{8,6} Q,=P)\ {86,472}

Q1

=P\{8} B =P\{86,4} Os
Two-sample experiment

MNIST dataset m = n = 500, A(12,16)
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Choice of alternative
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Goodness-of-fit problem & Kernel Stein Discrepancy

e model with probability density p or score function V log p(z) on RY

e samples Z,, .= (£1,...,2Zp), Z; 1 g in RY

Ho: p=gq against Ha:p#£q
Stein kernel: h, \(x,y) defined as
(Vlog p(x) "V log p(y)) ki(x, y) + Vlog p(y) " Viki(x, y)
+ Vlog p(x) T Vaki(x,y) + Y

1<i<d

Stein identity: E,[h, . (Z,-)] =0

0
aX,‘ ayl k/\(Xv y)

KSD2 ,(q) = MMD2 (P, q) =Eqqlhp (2, 2")]

2
KSD, \(Zn) = T > ho(Z,Z)

1<17£j<n
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KSD test for a fixed bandwidth

2 .
Bs(Zn) =1 (RSD,,\(Z0) > i
Quantile: g;'  is [B(1—a)|-th largest of B bootstrap test statistics

]. I
Wild bootstrap: G Z ciciho(Z,Z)), € ™ Unif{—1,1}
1<i#j<n
e asymptotic level o

Parametric bootstrap: N Z hp (Zi, 7 Z- i p

1</7EJ<N
e non-asymptotic level o

Time complexity: O (an)
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KSDAgg for a collection of bandwidths

2
ANZ,) = IL(KSDM\(Z,,) > (i, for some )\ € /\)

e positive weights (), satisfying >, w, <1
e correction u,, defined as

/\2 P
sup{u >0: prp<rr\1a/}\< (KSDpA(Zn) — qf_uw\> > 0) < a}
\E ’ ‘
Wild bootstrap: asymptotic level o
Parametric bootstrap: non-asymptotic level «
Time complexity:

o(\/\y (Bi + 52)n2>
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Uniform separation rate

Integral transform: (ko f)(y) = / k(x, y)f(x)dx
Rd
Kernel assumption: A, :=Eq [h, (Z,Z')*] <

Theorem

The condition

ol > mean(”(p )= oo (o= )+ il i) W‘_)

aw Bn

guarantees control over the probability of type Il error of KSDAgg

]Pq(Aa,p(Zn) = 0) < 6
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KSDAgg Experiment

(f_7€+ {2 Amed fG{f_,...,f+}} W ::1/|/\|
model: Normalizing Flow density

samples: true MNIST digits

Goodness-of-fit experiment
MNIST Normalizing Flow A(—20,0)
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o —— KSDAcGa
QB) : ---- KSD split extra
g —— KSD split
A 0.4 —— KSD median
0.2
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100 200 300 400 500

Sample size
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Conclusion: MMDAgg & KSDAgg

MMDAgg & KSDAgg tests:
o aggregate MMD/KSD tests with different kernel bandwidths (or kernels)

@ avoids using arbitrary heuristics or data splitting

@ wide range of kernels

MMDAgg theoretical results:
@ optimal in the minimax sense (up to log(log(m + n)) term)
o adaptive test over Sobolev balls {S5(R) : s > 0,R > 0}

@ quantile estimation: wild bootstrap or permutations

KSDAgg theoretical results:
@ uniform separation rate upper bound

@ quantile estimation: wild bootstrap or parametric bootstrap

MMDAgg & KSDAgg experimental results:
@ outperforms state-of-the-art MMD/KSD adaptive tests
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Thank you for your attention!

MMDAgg & KSDAgg


https://arxiv.org/abs/2110.15073
https://github.com/antoninschrab/mmdagg-paper
https://arxiv.org/abs/2202.00824
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